It is shown that the energy of two particles in 2D (2 dimensions) is always less or equal than energy in 1D, and the energy in 3D can be less or greater than in 2D. The application to the important case of helium 4 direr shows that this molecule may have only in 2D at least one bound excited state PACS numbers: 36.90.+f
Introduction
In many microscopic theories of matter it is important to know the solution of the two-body problem. This is the case in statistical mechanics, scattering theory, quantum fluids and others. For example, the microscopic theories of quantum fluids include some approximations related to the study of the two-body problem. Namely, the many-body wave function in the Jastrow approximation is a product of two-body functions for each pair of particles (or generally in the Feenberg form it is a symmetrized product of any order of the correlation among particles [1] [2] [3] [4] [5] [6] [7] ). It is known that short range correlations have been described in this well. A quite new example is the helium 4 dimer, which was experimentally discovered four years ago [8] and recently approved [9, 10] . Much theoretical and experimental research concerning this two-body system should be done in future.
Therefore it is very useful to have some general relations regarding the two-body problem. Particularly, if the problem can be solved in lower dimensions it would be useful to draw conclusions for higher dimensions.
In Sec. 2 we perform several useful relations which have been applied to the helium 4 dimer in Sec. 3.
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Inequalities between energies in different dimensions
Consider two identical particles which interact via a spherically symmetrical potential V(r1, r2). In the relative coordinates the Hamiltonian of the system reads where m is the mass of a particle and the operator Δ has the form In order to obtain relations between energies in different dimensions we employ variational ansátz. For all cases it may be written in the form where n = 1, 2, 3 denotes the dimension of physical space, Ψn and Hn are corresponding trial functions and the Hamiltonians, dΩ1 = 1, dΩ 2 = dφ, and dΩ3 = sin υdυdφ. From the relations (1-4) it follows Suppose that radial and angular motions can be separated both in 2D and 3D. The wave functions can then be factorized as follows:
The wave functions Ψ3(φΡ) Ψ2(φ) and Ψ3(υ) are solutions of eigenvalue problems Solving above relations, one finds λ = μ 2 -l(l + 1), μ = 0, 1, 2, .. .l, l = 0, 1, 2, .. . Since Ψ1(r) ^s Ψ2(r) ß/3(r) it follows The relations (13) and (14) are quite general. _In a particular case when Ψ1 and Ψ2 are eigenfunctions of Hamiltonians H 1 and Η2 , the first term on the right hand side in (13) and (14) becomes equal to the eigenvalues ει and ε2, respectively. If, in addition, the wave functions are real and angular motion is absent, then It is evident that the energy in 2D is never greater than in 1D. While the energy in 3D may be also greater than in 2D.
More about the helium 4 dimer
As it is known helium 4 dimer is a molecule which was observed experimentally in 1993 [8] . This dimer is the largest one that we know. The average distance of atoms is about 50 Α. in the ground state. In our opinion the existence of excited states in 3D is still questionable. The existence of at least one excited state of this dimer in 2D was proved in our paper [11] . This quite novel result and above inequalities are employed here to conclude something about excited states in 3D. To reach this goal and make the presentation clear we consider two cases particularly.
Ground state
We take the variational trial wave function which we used in Refs. [11, 12] The first exponential term on the right hand side describes short range correlation between atoms and it was used in the theory of liquid helium, for instance in Refs. [2, 4] ; it is known as the Feenberg-Wu-Ljolje wave function. The second factor in the trial wave function (17) takes care on long range correlation and keeps atoms in a finite distance. Using Lennard-Jones and several modern potentials we showed that dimer is bound in 2D. For the Aziz "best" potential HFD-Β3-FCI1 [13, 14] S. Kilić Although the binding of two atoms in 3D, for the same class of radial wave functions and zero angular momentum, is not found, we can estimate the quality of our calculation and use it later for an excited state. (Of course another appropriate class of trial wave functions could give a bound state in 3D, but they are unknown). As the dimer was discovered experimentally with a binding energy of 1 mK [8] , or calculated 1.7 mK [15] , one may estimate the trial function using the relation (14) . Namely, on the right hand side of the relation (14) only a part of the first term and the second term survive for 1 = 0. The calculated values of these terms are: -39.337 mK and +61.2243 mK for the first and the second term, respectively. It means that the absolute value of the first term is about 2/3 of the second term. Since the experimental value of Ε3 is -1 mK, what is the left hand side of the relation (14) , one may conclude that the function Ψ2(r), used as a trial function, leads to the result which is about 67% of the right value. (Evidently the "error" of about 33% comes out because of the form of our trial function which influences stronger on the kinetic energy term in 3D than in 2D.)
Let us mention that a bound state in iD has not been found.
Excited state
The existence of a bound excited state has been proved in 2D as well [11] . The trial wave function used is approximately orthogonal to the ground state wave function Ψ0 , and has the following form:
where the parameter b defines the node. The above form of the excited wave function is known from the tneory of the hydrogen atom. (14) is 0.0074967x 10 -23 J. The lowest value of the third term in the relation (14) is two times greater (μ = 1 and l = 1) than the second one. It means that the positive term on the right hand side (+16.2891 mK) is at least 4.1 times greater than the negative term (-3.9705 mK). If the quality of the approximation of the trial wave function is the same as in the ground state, this simply means that the bound excited state of the helium dimer in 3D does not exist. This result supports the conclusion in the historical paper [8] .
The helium dimer is a fascinating molecule. So light and so big! To demonstrate this in Figs. 1 and 2, 3 the Aziz "best" HFD-Β3-FCI1 potential and both trial wave functions are plotted.
